We establish the critical line of the one-component Φ 4 (or Landau-Ginzburg) model on the simple cubic lattice in three dimensions. Our study is performed in the framework of the nonperturbative renormalization group in the local potential approximation. Soft as well as ultrasharp infra-red regulators are both considered. While the latter gives poor results, the critical line given by the soft cut-off compares well with the Monte Carlo simulations data of Hasenbusch (J. Phys. A : Math. Gen. 32 (1999) 4851) with a relative error of, at worst, ∼ 3.10 −3 on published points (critical parameters) of this line.
I. INTRODUCTION
The non perturbative renormalization group (NPRG) approach initiated by Wetterich et al. [1] [2] [3] has proved its ability to describe both universal and non universal quantities for various models of statistical and condensed matter physics near criticality. It has been extended and adapted to lattice models recently [4] and applied successfully to the three-dimensional (3D) Ising, XY, and Heisenberg model [5] . Here we apply the lattice NPRG to the one-component Φ 4 model in 3D on a simple cubic lattice. We work in the framework of the local potential approximation (LPA) and consider both a sharp and a smooth infra-red cut-off (or regulator). As in Refs. [6, 7] the flow equations are integrated out for the so-called threshold functions [2] rather than for the potential. The resulting flow equations turn out to be quasi-linear parabolic partial differential equations (PDE) for which several stable and unconditionally convergent numerical algorithms have been developed by mathematicians [8] . We made use of the algorithm of Douglas-Jones [8, 9] to solve the NPRG flow equations both above and below the critical temperature; this yields an easy and precise determination of the critical point. The critical line of the model is obtained for a large range of parameters and compared with the Monte Carlo (MC) data of Ref. [10] .
Our paper is organized as follows : In Sec. II we give a short review of lattice field theory and of recent advances in the application of the version of Wetterich [1, 2] of the NPRG to lattice systems [4, 5] . Then, in Sec. III, we detail the LPA approach which constitutes the simplest non-perturbative approximation to solve the flow equations. Two convenient regulators are introduced and the corresponding flow equations are derived. Mathematically, the flow equations for the potential are non-linear parabolic PDE for which the correct initial conditions need a thorough discussion. A numerical solution of these equations requires a change of variables explained in Sec. IV. After this transformation, the emergent equations turn out to be quasi-linear parabolic PDE and can thus be solved easily on a computer making use of powerful algorithms. Numerical results for the critical line of the one-component Φ 4 model on the simple cubic lattice in three dimensions are reported in Sec. V and compared with the Monte Carlo (MC) data of Ref. [10] . The sharp cut-off regulator leads to poor results while the soft cut-off one reproduces the MC data with a relative precision of a few 10 −3 . We conclude in Sec. VI.
II. PROLEGOMENA
A. Lattice Φ 4 model
We consider a lattice field theory defined on a D-dimensional (hyper)cubic lattice. The action is given by [11] * Electronic address: Jean-Michel.Caillol@th.u-psud.fr
where a is the lattice constant, and {r} denotes the N sites of the lattice. For simplicity we limit ourselves to a one-component real field ϕ r and a simple cubic (SC) lattice, ϕ q = a D {r} e −irq ϕ r is the Fourier transform of the field and the N momentum {q} are restricted to the first Brillouin zone ] − π/a, π/a] D . In the thermodynamic limit (a fixed, N → ∞),
. . .
The local potential U 0 is defined such that ǫ 0 (q = 0) = 0 and henceforth we adopt the Landau-Ginzburg polynomial form U 0 (ϕ) = (r/2) ϕ 2 + (g/4!) ϕ 4 . The spectrum ǫ 0 (q) accounts for next-neighbor interactions; for a SC lattice it reads as
where the dimensionless parameter ξ rules the amplitude of the spectrum. ǫ 0 (q) ∼ ξq 2 for q → 0 and max q ǫ 0 (q) = ǫ max 0 = (4Dξ)/a 2 . Note that the dimension of the field is [ϕ] = D/2 − 1 and that, in the thermodynamic limit, the physics of the model depends only upon the two dimensionless parameters r = ra 2 /ξ and g = ga
Another way of writing the action (1), which is useful for numerical investigations, is [11] S
where the D unit vectors e µ constitute an orthogonal basis set for R D . The field ψ and the parameters (κ, λ) are all dimensionless awnd are related to the bare field ϕ and dimensionless parameters (r, g) through the relations
To close this section let us recall some elementary definitions and results concerning lattice field theory [11] . The physics (thermodynamic and correlation functions) of the model is coded in the partition function
where the dimensionless measure is given by
h is an external lattice field and the scalar product in (6) is defined as
The order parameter is given by
where the Helmholtz free energy
which is a convex function of the N variables {h r } is the generator of the connected correlation functions To implement the lattice NPRG procedure we follow the suggestion of Dupuis et al. in Ref. [4, 5] which extends to the lattice the ideas of Wetterich [1, 2] for the continuous version (a → 0) of the model. We thus add to the action (1) the regulator term
where R k (q) is positive-definite, has the dimension [R k ] = 2 and acts as a q dependent mass term. The regulator R k (q) is chosen in such a way that it acts as an infra-red (IR) cut-off which leaves the high-momentum modes unaffected and gives a mass to the low-energy ones. Roughly R k (q) ∼ 0 for ||q|| > k and R k (q) ∼ Z k k 2 for ||q|| < k. The scale k in momentum space varies from Λ ∼ a −1 , some undefined microscopic scale of the model yet to be precised, to k = 0 the macroscopic scale. To each scale k corresponds a k-system defined by its microscopic action 
Note that the functional Γ k [φ] is not necessarily convex by contrast with Γ [φ] which is the true Gibbs free energy of the "k"-system. It satisfies the exact flow equation [1] [2] [3] [4] [5] 
Note that Eq. (13) is an extremely complicated equation since the vertex function Γ (2) k (q, −q), which is the Fourier transform of the second-order functional derivative of Γ [φ] with respect to the classical field φ, depends functionally upon φ. For an homogeneous configuration of the field φ r = φ we have, on the one hand,
where the potential U k (φ) is a simple function of the field φ and, on the orther hand, the conservation of momentum at each vertex which implies, with the usual abusive notation, Γ
k (q) from which follows :
where the second line (14b) is valid in the thermodynamic limit (a fixed, N → ∞). We can give a formal solution of (13) as [2, 3] 
which gives Γ k [φ] implicitly. Eq. (15) allows us to precise the initial conditions. The initial value k = Λ of the momentum scale k is chosen such that R Λ (q) ∼ ∞ for all values of q hence, since exp(
Physically it means that all fluctuations are frozen and the mean-field theory becomes exact. When the running momentum goes from k = Λ to k = 0 all the modes ϕ q are integrated out progressively and the effective average action evolves from its microscopic limit
. The choice of initial momentum Λ which depends on the choice of the regulator R k will be made more explicit in Sec. III.
III. LOCAL POTENTIAL APPROXIMATION
An increasingly popular way to solve the flow eq. (13) is to make an ansatz on the functional form of the effective average action Γ k [φ]. In the lattice LPA one neglects the renormalization of the spectrum and assume the local form [4, 5] 
For a uniform configuration of the classical field φ r = φ and, in the thermodynamic limit, the flow equation (14b) becomes :
where U ′′ k (φ) denotes the second-order derivation of U k (φ) with respect to the order parameter φ. Eq. (17) is a non-linear parabolic PDE. It must be supplemented by an initial condition (see Sec. III A and (III B)). Moreover, for a numerical resolution of (17), boundary conditions for the potential U k or one of its derivatives U (n) k , must also be specified for some maximum value of the field ±φ max (see Sect. IV). Initial and boundary conditions depend on the choice of the regulator R k and, in this paper, we will consider two possibilities for R k .
A. Litim-Machado-Dupuis (LMD) regulator
In Ref. [5] Machado and Dupuis consider
which is adapted from Ref. [12] to the lattice case. In Eq. (18), ǫ k = ξ k 2 and Θ(x) is the step function. This regulator R k (q) leaves the high-momentum modes (ǫ 0 (q) > ǫ k ) unaffected and ascribes a mass ǫ k to the low-energy ones. The effective spectrum of the k-system is obviously ǫ eff.
k (q) = ǫ 0 (q) + R k (q). We note that for k > k max , where k max is defined by ǫ kmax = ǫ max 0 , i. e. k max = 4D/a 2 , the effective spectrum ǫ eff.
k (q) = ǫ k does not depends on q and we deal with a theory of N independent sites.
With that choice the flow equation (17) takes then a simple synthetic form
where the RG time "t" is defined by k = Λe −t , so that ∂ t = −k∂ k , and
denotes the (normalized) number of states. It will prove convenient to introduce also the density of states
so that
These two functions D(E) and N (E) are obviously related to the lattice Green function which, for a SC lattice, reads [13, 14] With the remark that for η → 0, 1/(τ + iη) = P(1/τ ) + iπδ(τ ), the comparison of eqs (21) and (23) reveals that
corresponds to the interval −D ≤ τ ≤ D for the auxiliary variable τ . In the case of D = 3 the imaginary part of the Green function G(τ ) is given by [14] 
where χ = 2/(τ − cos(x)) and K(y) is the complete elliptic integral of the second kind
One can point out the properties
We made use of the relations (25) to evaluate numerically D(E) and N (E), their graphs are displayed in Fig (1) . The tiny wiggles in the central part of D(ǫ) are actual and could not be avoided, they reveal the difficulty to compute this function with the highest numerical precision. A numerical filter can be used to suppress the numerical fluctuations in D(E) and N (E) before the latter is injected in the flow equations (19). , i. e. k ≥ k max = 4D/a 2 , we have already pointed out that the "effective" spectrum of the k-system ǫ eff. k = ǫ k does not depends on q. We deal with a local theory for which the partition function Z k [h] = r z k (h r ) is a product of one-site partition functions with It follows from this remark that the effective average action has also a local form
where the effective average potential U loc. k is given implicitly by
as follows from eqs (15) and (27). Two remarks are now in order. Firstly the choice Λ = ∞ implies U Λ = U 0 since we can replace the gaussian exp(−1/2ǫ Λ (ϕ − φ)
2 ) by a delta function δ(ϕ − φ) in eq. (29). Secondly in the range Λ ≥ k ≥ k max the potential U k satisfies the exact flow equation
as shown in the appendix. Note that for Λ ≥ k ≥ k max we have D(ǫ k ) = 1 and thus the LPA flow equation (19) is exact for a local theory. This point has been checked numerically in Ref. [5] and is proved mathematically in the appendix. The initial condition of the flow can thus be chosen
• either Λ = ∞ and U Λ = U 0 (Mean field theory)
• or Λ = k max = 4D/a 2 and U Λ ≡ U loc. kmax .
In the second case the local partition function (27) must be computed numerically. It turns out that integrating out the flow equation (30) with the mean field initial condition (numerically with a large value of Λ, e. g. Λ ∼ 5000a −1 ) gives more accurate results than the direct calculation and manipulations of z(h) which involve too large arguments in the exponentials.
We exemplify this discussion in Fig. 2 where we display, for the Φ 4 model at r = −0.13 and g = 1 (i. e. in the ordered phase), U Λ (φ) = U 0 (φ) (mean field approximation), U kmax (φ) (local theory) and the renormalized potential U k (φ) at k = 0 obtained after integration of the flow equation (19) (the figure also illustrates the passage to convexity : note the flat part of U k=0 (φ) in the range (−φ 0 , φ 0 )).
The non
In this range of k the flow is non-trivial and must be integrated out numerically. For convenience we rewrite (19) as
where
is the threshold function [2] which takes a very simple expression with the LMD regulator. Note that in the limit k → 0
is the surface of the D-dimensional hypersphere and v
2) a numerical factor. Therefore in this limit the flow eq. (19) reduces to
which is identical to the LPA flow equation with Litim's regulator for the continuous (off-lattice) theory [3, 7, 12] . We conclude that the lattice (cf. eq. (19)) and off-lattice (cf. eq. (34)) flow equations have the same asymptotic properties for k → 0. The adimensionned versions of these equations share thus the same fixed points and the same critical exponents. All these quantities have been computed with the highest numerical accuracy in D = 3 dimensions, see e.g. Refs [7, 15, 16] . Recall that in the LPA, Fisher's exponent η = 0 in all dimensions of space (no renormalization of the spectrum) and that the other critical exponents are non-trivial and differ from the exact ones by a few per cents in D = 3.
B. Ultra-sharp regulator
The ultra sharp cut-off (USCO) was first introduced by Wegner-Houghton [17] and considered by many authors in different NPRG studies of the continuous (off-lattice) Φ 4 model [18] [19] [20] . In its lattice version, it also yields simple flow-equations. In this case, adapting the definition of Wetterich [2] , the regulator is defined as
where the constant Z is ultimately set to +∞ [2] . In order to deal with the discontinuity of R k (q), we first introduce a smoothened version Θ ǫ (x) of the step function which varies mildly from 0 to 1 in the interval (−ǫ/2, +ǫ/2). Let δ ǫ (x) = ∂ x Θ ǫ (x) be the smoothened version of the Dirac generalized function. Then the flow equation (17) takes the form :
The limit ǫ → 0 for the ill-defined first term in the r.h.s. of (36) can be taken by making use of an extension of a lemma due Morris [21] which states that, for ǫ → 0
provided that the function f (Θ ǫ (q, k), k) is continuous at k = q in the limit ǫ → 0, which is the case here. This yields
The last step is to take the limit Z → ∞ of the above eq. with the final result
Note that U k (φ) is defined up to an additive constant, i. e. independent of the field φ, which was discarded from Eq. (39). Since, in the limit k → 0
then, the flow eq. (39) reduces to
which is the LPA flow equation with an USCO regulator for the continuous (off-lattice) theory [7, [18] [19] [20] . The fixed-points and critical exponents of the lattice and off-lattice versions of the 2 theories are thus identical. We now discuss the problem of the initial conditions. The USCO regulator R k (q) = Z = ∞ for all k > k max = 4D/a 2 . It transpires from the discussion of sect. (18) that the mean-field solution U k (φ) = U 0 (φ) should be solution of the flow-equation (39) for al Λ ≥ k ≥ k max . Indeed for k ≥ k max we obviously have D(ǫ k ) ≡ 0 from which ∂ t U k = 0 follows. Any Λ ≥ k max (with R Λ = ∞) can be kept as a valid initial condition since the MF solution U Λ = U 0 does not evolves in the range Λ ≥ k ≥ k max .
A last remark is in order. The initial condition U kmax (φ) = (r/2)φ 2 + (g/4!)φ 4 yields a solution of the flow equation (39) for k ≤ k max only if 1 + ω kmax (φ) ≥ 0 for all φ. Therefore the LPA with ultra sharp cut-off is defined for a negative r only if |r| < k 2 max = 4D/a 2 ; otherwise the flow equation has no solution.
IV. A CRUCIAL CHANGE OF VARIABLES
We pointed out in section III A and III B that in the asymptotic limit k → 0 the lattice and off-lattice LPA flow equations bear the same form, both with LMD and USCO regulators. In the ordered phase this behavior is singular and has been studied at length in Refs [6, 7] . Briefly, in the limit . Moreover, as a consequence, U k (φ) becomes convex as k → 0, in particular it becomes constant for −φ 0 < φ < +φ 0 (see e. g. Fig. 2) .
The divergence of the threshold functions makes impossible to obtain numerical solution of the non-linear PDE (19) and (39) in the ordered phase, we really deal with stiff equations In order to remove stiffness, one is led to make the change of variables
We then obtain the equations
where k = Λe −t . By contradistinction with eqs (31) and (39) these quasi-linear parabolic PDE can easily be integrated out. As in Refs. [6, 7] we made use of the fully implicit predictor-corrector algorithm of Douglas-Jones [9] . This algorithm is unconditionally stable and convergent and introduces an error of O((∆t)
2 ) + O((∆φ) 2 ) (∆t and ∆φ discrete RG time and field steps respectively) and can be used below and above the critical point as well.
In order to solve eqs. (43) numerically one must precise the initial and boundary conditions. • (i)Initial conditions : they were discussed thoroughly in Sec. III; we have just to transpose this discussion to the threshold functions. For the LMD regulator one has, at t = 0,
) for all |φ| ≤ φ max , where φ max is the largest value of the field. In practice the local approximation U loc (φ)) and its derivatives with respect to the field are computed by integrating the exact flow (29) from its MF expression at some large Λ. For the USCO regulator one has, at t = 0,
) for all |φ| ≤ φ max , i. e. one retains the mean field approximation of the potential.
• (ii) Boundary conditions : for the LMD regulator we adopted
. It amounts to keep the first term in the hopping parameter (κ) or loop expansions of Γ k (φ) respectively, which is a reasonnable assumption at large fields.
In order to determine the critical point one proceeds by dichotomy : for instance g is fixed and one varies r. The renormalized coupling constant ω 0 = U ′′ k (M = 0)/ǫ k in the limit k → 0 discriminates the state : for r > r c (g), ω 0 → ∞, and for r < r c (g), ω 0 → −1. Alternatively one can fix λ and vary κ; an example is given in fig. 3 .
V. NUMERICAL RESULTS
We solved Eqs (43) with the Douglas-Jones algorithm [9] in D = 3 dimensions of space. To fix the ideas we used for most our numerical experiments ∆t = 10 −4 , a maximum of N t = 1.810 5 time steps, ∆φ = 2.10 −4 and N φ = 15000 field steps (i. e. φ max = 3.). For the LMD regulator the initial momentum was Λ = 5000a −1 . We checked that these values of the parameters give at least 7 stable figures for r c (g). Most our numerical studies were made by fixing the value of parameter g and varying r in order to determine its critical value r c (g) by dichotomy.
Our data for the critical line r c (g) are given in table I for the USCO regulator, the eqs. (43) has no solution for r c < −12 which is a severe drawback. The data for the LMD smooth cut-off are displayed in table II, in this case the LPA equations admit solutions for all values of g and we stopped arbitrary our investigations at g = 1000. All these data are also displayed with the variables (λ, κ) in Fig. 4 in order to be compared with the MC data that Hasenbusch obtained for several points [10] . As apparent in Fig. 4 the theoretical predictions of the LPA with an USCO regulator (crosses) are poor as soon as λ ≥ 0.5. We interpret this failure as a consequence of the use of a mean-field initial condition at Λ = k max which turns out to be a bad approximation of the local theory at high values of λ. By contrast a very good overall agreement between the Monte Carlo (MC) Data and the predictions of the LPA with LMD regulator is observed. This confirm the conclusions of Machado and Dupuis in Ref. [5] who obtained also such a good agreement in the case of the 3D Ising, XY and Heisenberg models.
A more stringent comparison is made in table III where, for all the λ considered in Ref. [10] , the critical κ c (λ) was obtained by dichotomy on κ. The maximum relative error of the LPA-LMD theory can be seen not to exceed ∼ 3.10
for the considered range of parameters. In the case of Ising, XY and Heisenberg models Machado and Dupuis report errors which are significantly higher, i. e. of the order of a few per cents, than the ones we obtained for the Φ model. However these authors used a standard explicit Euler integration scheme for the non-linear PDE for U k which yields to stop the flow before its scaling limit k → 0 in the ordered phase [5] . We suggest that solving instead the quasi-linear parabolic equations satisfied by the threshold functions L k could perhaps change the evaluation of the critical parameters, yielding a still better status for the LPA predictions. This point should be checked.
VI. CONCLUSION
In this paper we have computed the critical line of the Φ 4 one-component model on the simple cubic lattice in three dimensions in the framework of the NPRG within the LPA approximation. We have considered both a sharp and a smooth regulator. The flow equations have been solved for the threshold functions rather than for the potential. This trick allows to obtain numerical solutions in the ordered phase where the PDE for the potential are stiff and fail to converge.
A dichotomy process based on the generically different asymptotic behaviors of the adimensionned susceptibility U ′′ k (φ = 0)/k 2 in zero field, below and above the critical point, yields a very precise determination of the (non-universal) critical parameters.
The LPA with a sharp cut-off regulator must be supplemented with mean-field initial conditions at Λ = k max which restricts the solution of the equation to a small domain of the (r, g) plane. Moreover, even in this restricted domain, the critical parameters are in poor agreement with the MC data of Ref. [10] . When the smooth LMD regulator is considered, the PDE must be supplemented either with mean-field initial conditions at Λ = ∞ or by the exact local expression of the potential at any Λ ≥ k max . The various possible initial local conditions obey an exact flow equation which coincides with the LPA-LMD theory. The LPA with LMD cut-off gives surprisingly good estimates of the critical parameters of the lattice Φ 4 model, the maximum deviation with MC data being of ∼ 3.10 −3 for the states which we considered.
Extension of the present study to several other lattices seem feasible as well as the extension to vectorial O(N ) models.
Appendix: Exact flow equation for the local theory
We noted in the text that in the range Λ ≥ k ≥ k max the average effective action is local for the LMD regulator. The local potential U k (φ) satisfies exactly to Eq. (29) and we rewrite this relation as
where z k (h) is the one-site partition function (27) and h = U ′ k (φ) + ǫ k φ an effective magnetic field. Taking the derivatives of both sides of this equality with respect to scale "k" yields, after rearrangement
Note that we have
Inserting these identities into (A.2) yields
A further simplification occurs with the choice ǫ k ∝ k 2 which entails
(A.5) Critical parameters of the Φ 4 theory on a 3D simple cubic lattice in the LPA approximation using an USCO cut-off. From left to right : g, rc(g), κc, and λc. The data were obtained by fixing g and determining rc(g) by dichotomy. κc and λc were then obtained from (g, rc(g)) via Eqs. (5 Critical parameters of the Φ 4 theory on a 3D simple cubic lattice in the LPA approximation using an LMD cut-off. From left to right : g, rc(g), κc, and λc. The data were obtained by fixing g and determining rc(g) by dichotomy. κc and λc were then obtained from (g, rc(g)) via Eqs. (5) . An uncertainty of ±1 affects the last figure. Critical line κc(λ) of the Φ 4 model on a 3D simple cubic lattice. The MC data for κc (second column) are those of Ref. [10] . The LPA data reported in the third column were obtained with the use of LMD regulator by fixing λ and determining 
